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If a Banach space X contains an asymptotically isometric copy of c , then X0
fails to have weak normal structure. Consequently, if X is an infinite-dimensional
 5 5 .subspace of c , ? , then X fails to have weak normal structure. Also, every`0
 .equivalent renorming of c G , for G uncountable, fails to have weak normal0
structure. Every separable Banach space can be equivalently renormed so as not to
contain an asymptotically isometric copy of c . Every Banach space with the0
 .generalized Gossez-Lami Dozo GGLD property fails to contain a subspace
isomorphic to c . Q 1998 Academic Press0
Key Words: asymptotically isometric copy of c ; weak normal structure.0
1. INTRODUCTION
Normal structure, a geometric property of normed linear spaces, was
w xintroduced by Brodskiõ and Mil'man 1 in 1948 to study the existence ofÆ
common fixed points of certain sets of isometries. Normal structure has
been studied not only as a tool in fixed-point theory but also as a
geometric property. Another concept, which has been studied in both
these ways, is the concept of an asymptotically isometric copy of c . This0
w xnotion was introduced by Dowling, Lennard, and Turett 4 . It is shown in
w x4 that if a Banach space contains an asymptotically isometric copy of c ,0
then it fails the fixed-point property for nonexpansive self-mappings on
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In this note we investigate the relationship between weak normal
structure and the containment of an asymptotically isometric copy of c .0
We prove that a Banach space with weak normal structure does not
contain an asymptotically isometric copy of c . Combining this result with0
w x  5 5 .the results of 5 , we show that infinite-dimensional subspaces of c , ? `0
 .do not have weak normal structure, and the Banach space c G , for G0
uncountable, cannot be equivalently renormed to have weak normal struc-
ture. Another consequence is that every separable Banach space can be
equivalently renormed so as to fail to contain an asymptotically isometric
copy of c .0
There are several properties of Banach spaces in the literature that are
stronger than weak normal structure. Two such properties are the general-
 . w xized Gossez-Lami Dozo GGLD property of Jimenez-Melado 9 andÂ Â
 . w x w xproperty asymptotic P of Sims and Smyth 15 . In 15 , Sims and Smyth
prove that these properties are equivalent. Two other equivalent proper-
 . w xties stronger than weak normal structure are property WO of Tingley 17
 . w xand property P of Tan and Xu 16 . It is known that GGLD implies
 . A A  A A.WO , but that c has an equivalent norm, ? , so that c , ? has0 0
 .  A A.WO , but c , ? fails GGLD. We will prove that c cannot be0 0
equivalently renormed to have GGLD.
2. PRELIMINARIES AND RESULTS
We begin this section with some definitions. The reader is referred to
w x w xthe texts of Diestel 3 and Lindenstrauss and Tzafriri 12 for unexplained
w xBanach space terms, and to the text of Goebel and Kirk 7 for unex-
plained fixed-point theory terms.
DEFINITION 1. A convex subset K of a Banach space X is said to have
normal structure if for each bounded convex subset C of K with at least
5 5 4two points there is a point x g C such that sup x y y : y g C - diam C,
5 5 4where diam C s sup y y z : y, z g C . A Banach space X is said to have
weak normal structure if every weakly compact convex subset of X has
normal structure.
DEFINITION 2. A Banach space X contains an asymptotically isometric
 .  .  .copy of c if there is a null sequence « in 0, 1 and a sequence x in0 n n
X such that
`
< < < <sup 1 y « t F t x F sup t for all t g c . .  .n n n n n n 0n
n nns1
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THEOREM 3. If X is a Banach space with weak normal structure, then X
does not contain an asymptotically isometric copy of c .0
Proof. Suppose that X contains an asymptotically isometric copy of c .0
 .  .  .Then there is a null sequence « in 0, 1 and a sequence x in X suchn n
that
`
< < < <sup 1 y « t F t x F sup t for all t g c . .  .n n n n n n 0n
n nns1
 .Since the sequence x is equivalent to the unit vector basis of c andn n 0
 .since the unit vector basis of c is weakly null, x is weakly null. Hence0 n n
 4the set x : n g N is a relatively weakly compact set in X and so by then
Ï  4.Krein]Smulian theorem, K s co x : n g N , the closed convex hull ofn
 4x : n g N , is a weakly compact convex subset of X.n
5 5 5 5Since x y x F 1 for all n, m g N, diam K F 1. Since x y x G 1n m n m
 .  .y « for all n, m g N and since « is a null sequence in 0, 1 ,n n n
diam K G 1. Thus diam K s 1.
 4. NConsider an element x g co x : n g N . Then x s  t x , wheren js1 j j
N 5 5t G 0 for all 1 F j F N and  t s 1. For each n ) N, x y x sj js1 j n
5 N 5  . t x y x G 1 y « . Since « is a null sequence, this implies thatjs1 j j n n n n
5 5 4 5 5sup x y y : y g K G 1. Since diam K s 1, we get that sup x y y :
4 5 5 4y g K s 1. Hence sup x y y : y g K s diam K for all x g K and so K
fails to have normal structure. Therefore X fails weak normal structure
and this completes the proof.
We are now ready to obtain some simple consequences of Theorem 3. It
w x  5 5 .is proved in 5 that every infinite-dimensional subspace of c , ? `0
contains an asymptotically isometric copy of c . It is also shown that every0
 .equivalent renorming of c G , for G uncountable, contains an asymptoti-0
cally isometric copy of c . Combining these results with Theorem 3, we0
obtain the following two corollaries.
 5 5 .COROLLARY 4. If X is an infinite-dimensional subspace of c , ? ,`0
then X fails to ha¨e weak normal structure.
 .COROLLARY 5. E¨ery equi¨ alent renorming of c G , for G uncountable,0
fails weak normal structure.
Remarks. 1. It is well known that if a Banach space X is uniformly
 . w xconvex in every direction UCED , then X has weak normal structure 18 .
w x  .Day, James, and Swaminathan 2 proved that c G does not admit an0
equivalent UCED norm if G is uncountable. Corollary 5 is therefore an
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w ximprovement of this result. Corollary 5 was also proved by Landes 10, 11
using different techniques.
2. It is well known that if a Banach space X has weak normal
w xstructure, then X has the weak fixed-point property 7 . We note that
Corollary 4 cannot be improved to say that every infinite-dimensional
 5 5 .subspace of c , ? fails the weak fixed-point property; in fact, every`0
 5 5 .infinite-dimensional subspace of c , ? has the weak fixed-point prop-`0
 5 5 . w xerty because c , ? has the weak fixed-point property 13 . Similarly,`0
Corollary 5 cannot be improved to say that every equivalent renorming of
 .c G , for G uncountable, fails the weak fixed-point property; in fact, if G0
 . 5 5is uncountable, then c G , equipped with its canonical norm ? , has the`0
weak fixed-point property. This is easily seen by noting that since the weak
fixed-point property is separably determined and since every separable
  . 5 5 .  5 5 .subspace of c G , ? is isometric to a subspace of c , ? , every` `0 0
  . 5 5 .separable subspace of c G , ? has the weak fixed-point property.`0
 .3. In remark 2, we have seen that even if G is uncountable, c G0
` .can have the weak fixed-point property. This is not the case with l G ,
` .when G is uncountable, because every equivalent renorming of l G
` w xcontains an isometric copy of l 14 , and hence fails the weak fixed-point
` 1w xproperty since l contains an isometric copy of L 0, 1 .
w x w xIn 2 and in 18 , it is proved that every separable Banach space can be
equivalently renormed to be UCED, and thus can be renormed to have
weak normal structure. They also show that l` can be equivalently
renormed to be UCED, and hence to have weak normal structure. Com-
bining these results with Theorem 3, we get the following.
COROLLARY 6. E¨ery separable Banach space can be equi¨ alently
renormed so as not to contain an asymptotically isometric copy of c . Also, l`0
can be equi¨ alently renormed so as not to contain an asymptotically isometric
copy of c .0
Remark. Separability is necessary in Corollary 6, because every equiva-
 .lent renorming of c G contains an asymptotically isometric copy of c , if0 0
w x `G is uncountable 5 . Also, an explicit example of a renorming of l which
w xdoes not contain an asymptotically isometric copy of c appears in 5 .0
Two Banach space properties that imply weak normal structure are
 . w x  . w xproperty P of Tan and Xu 16 and WO of Tingley 17 . Sims and Smyth
w x15 proved that these properties are equivalent. By Theorem 3, every
 .   ..Banach space with property P or, equivalently, WO will not contain an
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asymptotically isometric copy of c . Two related properties are the gener-0
 . w xalized Gossez-Lami Dozo GGLD property of Jimenez-Melado 9 andÂ Â
 . w xasymptotic P of Sims and Smyth 15 given below.
DEFINITION 7. Let X be a Banach space.
 .  .a X is said to have the generalized Gossez-Lami Dozo GGLD
 .property if whenever x is a weakly null in X which is not norm nulln n
then
5 5 5 5lim inf x - lim sup lim sup x y x .n n m
n n m
 .  .  .b X is said to have property asymptotic P if whenever x is an n
weakly null in X which is not norm null then
5 5  4lim inf x - diam x ,n a n
n
 4  4where diam x s lim diam x : k G n is the asymptotic diameter of thea n n k
 .sequence x .n n
w xSims and Smyth 15 have also proved that GGLD and property asymp-
 .  . w xtotic P are equivalent. While GGLD implies WO , Jimenez-Melado 9Â Â
has shown that they are not equivalent by constructing an equivalent
A A  A A.  .  A A.norm, ? , on c , so that c , ? has WO , but c , ? fails0 0 0
GGLD. Our next result shows the relationship between GGLD and c .0
THEOREM 8. If X is a Banach space with GGLD, then X does not contain
an isomorphic copy of c .0
The main ingredient in the proof of Theorem 8 is the following modifi-
w xcation of the James distortion theorem for c 6, 8 .0
PROPOSITION 9. A Banach space X contains an isomorphic copy of c if0
 .  .  .and only if there is a null sequence « in 0, 1 and a sequence x in Xn n n n
so that
`
< < < <1 y « sup t F t x F 1 q « sup t .  .n k k k n k
kGn kGnksn
 .for all t g c and for all n g N.k k 0
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Proof of Theorem 8. Suppose that X contains an isomorphic copy of c .0
 .  .By Proposition 9, there is a null sequence « in 0, 1 and a sequencen n
 .x in X so thatn n
`
< < < <1 y « sup t F t ¨ F 1 q « sup t ) .  .  .n k k k n k
kGn kGnksn
 .for all t g c and for all n g N. By passing to subsequences if neces-k k 0
 .sary, we can and do assume that the sequence « is decreasing. Sincen n
 .  .x is equivalent to the unit vector basis of c , x is weakly null.n n 0 n n
 . 5 5 5 5Clearly from ) , lim x s 1. Also, if k ) n, then 1 y « F x y x Fn n n n k
 41 q « . Hence 1 y « F diam x : k G n F 1 q « for all n g N. There-n n k n
 4  .fore diam x s 1, so X fails to have property asymptotic P , and thusa n
fails to have the GGLD. This completes the proof.
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